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Department ofAdministration E gineering, Faculty of Engineering 
Keio University, Yokohama, Japan 
Some fundamental properties of a graph are defined in terms of the edge- 
edge incidence matrix associated with the graph. By virtue of these definitions 
we obtain a necessary and sufficient condition for that an oriented graph 
G(X, F) of even order has a perfect matching and similarly for that a 
Hamiltonian circuit. Not only for a simple graph but also for any oriented 
graph of even order, each of these necessary and sufficient condition is useful 
for knowing the existence of a perfect matching and a Hamiltonian circuit, 
respectively. 
I. INTRODUCTION 
In a graph G(X, I") of even order I X [  = 2n, a perfect matching is a set 
of disjoint arcs which covers the vertex set of X. A Hamiltonian circuit is a 
circuit which passes once and only once through every vertex of the graph. 
The edge-edge incidence matrix A -~ (aij) associated with a graph G(X, 1") 
is defined by 
a,~ = (x , ,  x3  ¢ c; (1) 
where U is the set of arcs of the graph G(X, 1"). 
In this paper we consider a graph of the order I X ]  = 2n, where I S [ is 
the number of elements of the set S. Z~ (i = 1, 2,...) are 2n-vectors each of 
whose elements is either 1 or 0 and by [ Zi [ we denote the number of the 
elements whose values are 1. I and 0 are 2n-vectors uch that I I I = 2n and 
[ 0 [ ~ 0, respectively. Addition and multiplication of scalars will be defined 
as follows: 
1+1=1,  1+0=0+1,  0+0=0 
1 x l= l ,  l xO=Oxl=O,  OxO=O.  
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II. PERFECT MATCHING 
The graph G(X, P), l X I = 2n has a perfect matching if 
graph (X, F) 
FIOURE 1 
simple grapk (X~, X2, F) 
Ad: The sufficiency. From (4) and (5), it follows that Z1 and Z2 can be 
expressed by giving a new index 
Xl ' [ n Z2= 
n 
n 
(7) 
THEOREM 1. 
and only if the following conditions (i) and (ii) are satisfied. 
(i) There exist two vectors Z1 and Z2 such that 
AZ1 = Z~, (3) 
Z1 + Z= = I, (4) 
f Zl  f = n, (5) 
(ii) For any S C X, 
l I 'St~X~[ >/ ISnX~ [, (6) 
where X 1 is the subset of X corresponding to0 in Z1 and X 2 is corresponding toL 
Proof. In the graph G(X, F) we divide the set X into two subsets X 1 and 
X z and neglecting some arcs we make a simple graph G'(Xx, Xz, 1~'). For this 
simple graph G'(X1, X~, I"), we use the theorem of K6ning and Hall. 
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For these expressions of Z1 and Z2, (3) implies that the incidence matrix A 
can be expressed by giving a new index 
n n 
= • , (8 )  
A C' I C" n 
I 
where B is a matrix whose every row vectors have at least one element whose 
value is 1. C' and C" are any matrix whose elements are either 1 or 0. 
Now let X 1 be subset of X which corresponds to 0 in Z1 and let X2 be 
corresponds to 1. Then [ X 1 ] = ] X~ [ = n and for any x 1 @ X 1 there exists 
at least one x 2 a X~ such that 1"x 1 = x 2 . 
Let us define a partial graph G'(X, 1"'); 
X = X~ w X~, F ' :  X~ -+ X 2 . (9) 
This means that the graph G'(X, 1"') is obtained by removing the following 
set from the graph G(X, F); 
{(xi ,x j ) ;x i~X landx jeX  1. x ieX  2andx j~X 1. x~eX 2andx~.~X2}. 
(10) 
Since X 1 r3 X~ = ~,  the graph G'(X, 1") is a simple graph and it must be 
written G'(XI, X2,1"'). In combination with (ii), this fact yields that in the 
graph G'(X1, .322,1"') 
11"S1 /> [ S[ (11) 
for any S C X. By virtue of the theorem of K6ning and Hall [1] this simple 
graph G'(X1, Xe, 11') has a perfect matching and so the graph G(X, F) has 
a perfect matching. Q.E.D. 
Ad: The necessity. Let the graph G(X, 1") has a perfect matching 
(,~ , x O,  (~ , ~,,),. . . ,  (x. , x O,  
and let us write 
x~ = {~1, ~ ..... x.), 
x~ = {x, 1 , x, ,  ,..., ~i,}. 
Then for any xj E X 1 there exists at least one xij ~ X~ such that 1"xj = xi~ 
HAMILTONIAN CIRCUIT IN A GRAPH [II] 483 
( j  : :  l ,  2,..., n). The incidence matrix A can be expressed by giving a new 
index 
X1 X2 
and so for 
Z a - 
,~0 
6 
1 
~- 1 .. 
, Z2  == 
t n 
03) 
we have a relation 
v-  
C' 
C,, 
B 
C" 
Let us define a partial graph G'(X, i") of the graph G(X, F) by 
X = X 1 w X2, F'; X1 -+ X,,. 
Then the graph G'(X, 1-") has a perfect matching, so for any S C X 1 , 
IrSI ~lS~. (16) 
This means that in a graph G(X, F), 
I I ' SnX21 ) ,S~XI i  (17) 
for any S C X. Q.E.D. 
64312ot5-6 
484 
THEOREM 2. 
circuit if any only if the following conditions are satisfied: 
(i) There exist Z1, Z2, Za and Z4 such that 
AZ1 = Z2, 
AZa = Z4, 
IZll =n ,  
(ii) For any S C X, 
TAKENAKA 
I I I .  HAMILTONIAN CIRCUIT 
A graph G(X, P) of order [ X]  = 2n has a Hamiltonian 
Zl + Za = I, 
Z1 • Za' = 0 (scalar), 
Zi + 7-2 = I, 
Za + 7-4 = I. 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
I S n X,  [ <~: [ FS m X 21, (25) 
i 
I a n X 2f <~ I PS miX, [. (26) 
Here X a is the subset of X corresponding to0 in Za and X= is 1. 
(iii) Let two sets of matching whose existence are assured from (i) and 
(ii) be 
(x,, xil), (x2, x&... (x,, xi.), 
(xil, xh), (xi,, xj,),... (xi,, x&); (27) 
then (Jl , J2 ,..., j~) is a cyclic permutation of(1, 2,..., n). 
Proof. Ad: The sufficiency. From (20), ZI can be expressed by giving a 
new index 
Z 1 = 
[.]I 
(28) 
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From (21) 
and from (22) it must be 
and also from (23) 
and from (24) 
Z 3 
 1"11" 
*I 
/'/ 
n 
(29) 
Z 3 
 1-t1" 
° I ~()_ 
/z 
n 
(30) 
Z 2 
°°°° 
*l 
n 
(31) 
(32) 
Now let X 1 be a subset of X which corresponds to 0 in Z1 and X2 be 
corresponds to 1. Then from (18), for any Xl E X 1 there exists at least one xe 
such that xe ~ f'x 1 and from (19) there exists at least one x 1 such that 
x 1 =/ 'xz  for any x 2 ~ X~. From (25) in (ii), there exists a perfect matching 
from X~ to X 1 . From (26) in (ii), there exists a perfect matching from X2 to 
643]20]5-6* 
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X 1 . For these two sets of matching (iii) is satisfied and so these arcs must be 
perfect matching. Q.E.D. 
Ad: The necessity. As there exists a Hamiltonian circuit, let us define it by 
= (x l ,  x~ ,..., x~,). (33) 
This means that there exist 2n arcs 
(xa, x2) , (x2, x3),... , (x2,_a, x~,), (x2,, x~). (34) 
Let us define the sets X 1 and X 2 by 
x~ = {x~, ~3 ,..., x~- l} ,  
X~ = {x~, x4 ,..., x~,}; 
then there exists at least one x~. e X 2 such that Fx, = xj for any x, e X 1 . 
This means that there exist Z1 and Z2 such that 
AZ1 = X2. (35) 
Similarly there exists at least one xj E Xx such that I'xi = xj for any x~ ~ X 2 . 
This means that there exist 7. 3 and Z4 such that 
AZ3 = Z4. (36) 
Za, Z2, Z3 Z4 satisfy the relations (20)-(24). 
There exist two sets of matching from X 1 to X 2 and from X~ to X 1 and so 
the relation (ii) is satisfied. The 2n ares of (34) is a Hamiltonian circuit and 
so the relation (iii) is satisfied. Q.E.D. 
IV. AN EXAMPLE 
The knight's Tour (Euler) 
The problem consists of moving a knight on a chessboard in such a way 
that he goes once and once only through every square on the board. For this 
problem innumerable methods have been used. Here let us use the preceding 
results for this problem. A number is given on each square of the chessboard 
(cf. Fig. 2). 
Let X -~ {1, 2,..., 64} and / 'x be the numbers which can go from x~X 
with a step: 
r (1 )  = [11,181, 
/~(2) = [12, 17, 19], (37) 
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Therefore we can define a graph (X,/ '),  and the associated matrix d can be 
settled. Then the Euler's problem is equivalent to the problem of finding a 
Hamiltonian path in the graph (X,/~). 
I 9 
2 I0 
3 ii 
4 12 
5 13 
6 14 
7 15 
8 16 
17 25 
18 26 
19 27 
20 28 
21 29 
22 30 
• 23 31 
24 ] 32 
f 
Fmuan 2 
33 41 ~9 .57 
34 42 50 58 
35 43 51 59 
36 44 52 60 
37 45 53 61 
38 46 54 62 
39 47 55 63 
40 48 56 64 
Weeanf indthevectorsZ1,Z~,Za ,Z4andthesets~,~:  
ZI=(0  1 0 1 0 1 0 1 1 0 1 0 1 0 1 00  1 0 1 0 1 0 
110101010 
100101010 
Z2=(1  0 1 0 1 0 100  
001010101 
011010101 
~3 = Z2 ' 
Z 4 = Z 1 
01010101101010 
110101010) ,  
10101011010101 
10101010010101 
001010101) ,  
X1 = {2, 4, 6, 8, 9, 11, 13, 15, 18, 20, 22, 24, 
25, 27, 29, 31, 34, 36, 38, 40, 41, 43, 45, 
47, 50, 52, 54, 56, 57, 59, 61, 63}, 
X2 = {1, 3, 5, 7, 10, 12, 14, 16, 17, 19, 21, 23, 
26, 28, 30, 32, 33, 35, 37, 39, 42, 44, 46, 
48, 49, 51, 53, 55, 58, 60, 62, 64}. 
(38) 
(39) 
(4o) 
(41) 
(42) 
(43) 
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For these Xl and X~ 
existence are assured 
and 
, (25) and (26) are satisfied. Two sets of matching whose 
from this are 
(1,11), (3,9), (5,15), (7,13), (10,4) 
(12, 2), (14,8), (16,6), (17,27), (19,25), (21,31), 
(23,29), (26,20), (28,18), (30,21), (32,22), 
(35,41), (37,47), (39,45), (42,36), 
(46,40), (48,38), (49,59), (51,57), 
(55,61), (58,52), (60,50), (62,59), 
(33,43), 
(44,34), 
(53,63), 
(64,54), (44) 
(2,19), (4,14), (6,12), (8,23), (9,26), (11,17), 
(13, 3), (15,32), (18,1), (20,5), (22,28), 
(24,7), (25,10), (27,21), (29,35), (31,16), 
(34,49), (36,30), (38,44), (40,55), (41,58), 
(43,37), (45,60), (47,64), (50,33), (52,62), 
(54,48), (56,39), (57,42), (59,53), (61,51), 
(68,46). (45) 
For these matchings, (iii) are satisfied. According to Theorem 2 we can 
conclude that the graph (X, F) has a Hamiltonian circuit/~: 
tz = [1, 11, 17, 27, 21, 31, 16, 6, 12, 2, 19, 25, 10, 
4, 14, 8, 23, 29, 35, 41, 58, 52, 62, 56, 39, 
45, 60, 50, 33, 43, 37, 47, 64, 54, 48, 38, 44, 
34, 49, 59, 53, 63, 46, 40, 55, 61, 51, 57, 42, 
36, 30, 24, 7, 13, 3, 9, 26, 20, 5, 15, 32, 
22, 28, 181 . (46) 
1LSCEIVED: May 15, 1970 
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